Abstract. Let R be a ring. A right R-module M is called GI-flat if Tor R 1 (M, G) = 0 for every Gorenstein injective left R-module G. It is shown that GI-flat modules lie strictly between flat modules and copure flat modules. Suppose R is an n-FC ring, we prove that a finitely presented right R-module M is GI-flat if and only if M is a cokernel of a Gorenstein flat preenvelope K → F of a right R-module K with F flat. Then we study GI-flat dimensions of modules and rings. Various results in [6] are developed, some new characterizations of von Neumann regular rings are given.
Introduction
Throughout this paper, R is an associative ring with identity and all modules are unitary. For any R-module M , we use fd R (M ), id R (M ) and FP-id R (M ) to denote the flat, injective and FP-injective dimensions of M , respectively. The character module Hom Z (M, Q/Z) is denoted by M + . We use l.D(R) (resp., wD(R)) to stand for the left global dimension (resp., weak global dimension) of a ring R. For unexplained concepts and notations, we refer the reader to [11, 17, 19] .
Let R be a ring. A right R-module M is called copure flat if Tor R 1 (M, E) = 0 for all injective left R-modules E, and M is said to be strongly copure flat provided that Tor R i (M, E) = 0 for all injective left R-modules E and all i 1. These modules were introduced and studied by Enochs and Jenda in [9] . Many properties of these modules were given by Enochs, Jenda, Sazeedeh, Ding and Chen etc in [7, 9, 11, 20] . In [9] , the copure flat dimension, cfd(M ), of a right R-module M is defined to be the largest positive integer n such that Tor R n (M, E) = 0 for some injective left R-module E. The copure flat modules together with the copure flat dimension in [9] were used to characterize nGorenstein rings (i.e., R is left and right Noetherian with id( R R) n and id(R R ) n for an integer n 0).
Recall a left R-module M is called Gorenstein injective [10] if there exists an exact sequence · · · → E 1 → E 0 → E 0 → E 1 → · · · of injective left R-modules with M = ker(E 0 → E 1 ) such that Hom R (E, −) leaves the sequence exact whenever E is an injective left R-module. A left R-module M is said to be Gorenstein flat [13] if there is an exact sequence · · · → F 1 → F 0 → F 0 → F 1 → · · · of flat left R-modules with M = ker(F 0 → F 1 ) such that I ⊗ R − leaves the sequence exact whenever I is an injective right R-module. Gorenstein injective and flat modules have been studied by many authors (see, for example, [2, 4, 8, 10, 13, 11, 17, 21] ). The Gorenstein injective and flat dimensions of an R-module M , denoted by Gid R (M ) and Gfd R (M ), are defined in terms of resolutions by Gorenstein injective and flat modules, respectively. Bennis and Mahdou in [2, Example 2.5] showed that Gorenstein injective modules are not necessarily projective (flat) over QF-rings. More recently, the author in [16] introduced the notion of GI-injective modules and discussed the GI-injective dimension of modules and rings. One easily checks that every Gorenstein injective left R-module is flat implies R is left IF (i.e., rings satisfying every injective left R-module is flat [5] ), but the converse is not true in general. Inspired by [9, 16] , in this paper, we will introduce a concept of GI-flat modules and characterize the GI-flat dimension of modules and rings.
In Section 2, we give the definition of GI-flat modules and show some of the general properties. It is shown that GI-flat modules situate between flat modules and copure flat modules (see Remark 2.2). For any ring R, it is proved that a right R-module M is flat if and only if M is GI-flat and Gfd R (N ) 1. Let R be an n-FC ring (i.e., R is left and right coherent with self-FP-injective dimension at most n on either side [8] ). We prove that a finitely presented right R-module M is GI-flat if and only if M is a cokernel of a Gorenstein flat preenvelope K → F of a right R-module K with F flat (Theorem 2.11).
In Section 3, we characterize the right global GI-flat dimension, r.GIF D(R), of a ring R in terms of Gorenstein injective and flat modules. For any ring R, it is shown that (Theorem 3.4)
Moreover, if R is a commutative coherent ring with GIF D(R) < ∞, then
Suppose R is an n-FC ring. We have the following equalities (Proposition 3.9)
Moreover, for any ring R, we prove that r.GIF D(R) 1 if and only if every submodule of a projective right R-module is GI-flat if and only if every submodule of a (GI-)flat right R-module is GI-flat (Proposition 3.12). If R is a left coherent ring, then R is left semihereditary if and only if r.GIF D(R) 1 and every GI-flat right R-module is flat. We also give some new descriptions of von Neumann regular rings (Proposition 3.16 and Corollary 3.17).
GI-flat modules
In this section we give a treatment of GI-flat modules. It is shown that GIflat modules lie strictly between flat modules and copure flat modules. Some general properties of GI-flat modules are also discussed. {flat modules} ⊆ {GI-flat modules} ⊆ {copure flat modules}.
(2) From [1, Lemma 2.5], we can deduce easily that over rings with finite weak global dimension, the class of all flat modules coincides with the one of all copure flat modules and then with the one of all GI-flat modules.
(3) To give an example of copure flat module which is not GI-flat it is sufficient to use Proposition 3.16 and the fact that a commutative ring R is an IF-ring if and only if every R-module is copure flat.
(4) Also, using Proposition 2.6, we can show that there is a GI-flat module which is not flat.
Recall a left R-module M is called GI-injective [16] provided that Proof. The first assertion follows immediately by definition, and the second assertion holds by the isomorphism: Tor (
where C is Gorenstein injective, the functor M ⊗ R − preserves the exactness.
Proof. (1) ⇔ (2) follows from the standard isomorphism:
for any left R-module N by [3, Chapter VI. Proposition 5.1].
(1) ⇒ (3) is by definition. Proof. Let k be an integer with 0 k n, and C k a kth syzygy of M . Then there exists an exact sequence
where each P i (0 i k − 1) is projective. For every Gorenstein injective left R-module G, one easily checks that Tor
(M, G) = 0 by the hypothesis, it follows that Tor R 1 (C k , G) = 0, and so C k is GI-flat.
We will say a right R-module M strongly GI-flat if Tor R i (M, E) = 0 for all Gorenstein injective left R-modules E and all i 1.
Proposition 2.8. Let R be an n-Gorenstein ring. Then the following are equivalent for a right R-module M :
(1) M is strongly GI-flat.
n by [11, Theorem 12.3 .1] since R is n-Gorenstein. So there exists an exact sequence
are exact. Therefore, by (1), we have [19, Theorem 9.13] . The desired result follows from the fact that every flat module is strongly GI-flat.
Let F be a class of R-modules and M an R-module. Following [11] , we say that a homomorphism f : M → F is an F -preenvelope if F ∈ F and the abelian group homomorphism Hom R (f,
It has been shown that every right (or left) R-module has a Gorenstein flat preenvelope over any n-FC ring ([18, Theorem
5.3]).
Lemma 2.9. Let R be an n-FC ring. If M is a cokernel of a Gorenstein flat preenvelope f : K → F of a right R-module K with F flat, then M is GI-flat.
Proof. Let M be a cokernel of a Gorenstein flat preenvelope f : 
Lemma 2.10. Let R be an n-FC ring and M a finitely presented right Rmodule. If M is GI-flat, then M is a cokernel of a Gorenstein flat preenvelope K → F of a right R-module K with F flat.
Proof. Suppose M is a finitely presented right R-module, then there exists an exact sequence 0 → K → P → M → 0, where P is finitely generated projective and K is finitely generated. Next we will prove that K → P is a Gorenstein flat preenvelope. 
On the other hand, since K is finitely generated, there exists an exact sequence Q → K → 0 with Q finitely generated projective. Then the sequence 0 → Hom R (K, F ) → Hom R (Q, F ) is exact. So we have the following exact commutative diagram:
Note that θ Q is an isomorphism by [19, Lemma 3 .59], and so θ K is epic. Since θ P is an isomorphism, it follows that θ is a monomorphism. Therefore the sequence Hom R (P, F ) → Hom R (K, F ) → 0 is exact, which shows that K → P is a Gorenstein flat preenvelope.
Combining Lemma 2.9 with Lemma 2.10, we immediately obtain the following result.
Theorem 2.11. Let R be an n-FC ring and M a finitely presented right Rmodule. Then M is GI-flat if and only if M is a cokernel of a Gorenstein flat preenvelope K → F of a right R-module K with F flat.
The GI-flat dimensions of modules and rings
In this section we investigate the GI-flat dimensions of modules and rings. Some results in [6] are developed. We start with the following definition.
Definition 3.1. Let R be a ring. The GI-flat dimension, GI-fd R (M ), of a right R-module M is defined to be the largest positive integer n such that Tor R n (M, N ) = 0 for some Gorenstein injective left R-modules N . The right global GI-flat dimension r.GIF D(R) of R is defined as
Similarly, we have l.GIF D(R) (when R is commutative, we drop the unneeded letters r and l).
If M is strongly GI-flat, that is, Tor (2) The GI-flat dimension for rings measures how far away a commutative ring is from being von Neumann regular ring by Proposition 3.16. ( 
are exact. For any Gorenstein injective left R-module N and for all j 1, it follows from (2) that 
We may suppose that sup{fd R (N ) |N is a Gorenstein injective left R-module} = m < ∞. Let M be a right R-module. Then we have Tor Next we shall prove sup{fd R (N ) |N is a Gorenstein injective left R-module} r.GIF D(R). In fact, we may assume that r.GIF D(R) = n < ∞. For any right R-module M , it follows that GI-fd R (M ) n. Let N be a Gorenstein injective left R-module. Then Tor n − 1. This is a contradiction. Therefore n m.
Now it remains to show the following inequality
Since GIF D(R) < ∞, by (1), we may assume that 
It suffices to show that if
where I i is injective for i = 0, 1, . . . , n − 1. Note that every injective R-module is of flat dimension at most n by hypothesis, which implies that R is n-FC by [6, Theorem 3.8] since R is commutative coherent. From the left vertical sequence, we get the exactness of the sequence Proof. This is a simple consequence of Proposition 3.5 and [6, Corollary 3.3].
We are now in a position to give some characterizations of r.GIF D(R), which is a generalization of [6, Theorem 3.5]. (2) (1) We suppose that r.GIF D(R) = n < ∞. For any left R-module M with Gid R (M ) < ∞, we may assume Gid R (M ) = m < ∞. Then there is an exact sequence
with each E i Gorenstein injective. It follows from (2) that fd R (E i ) n. Thus fd R (M ) n, and hence (2) (1) holds.
(1) Assume that r.GIF D(R) = n < ∞. For any right R-module N with Gfd R (N ) < ∞, we may suppose Gfd R (N ) = k. Then we have a Gorenstein flat resolution of N :
which gives rise to the exactness of 0
is Gorenstein injective by [17, Theorem 3.6] . Note that fd R (F + i ) n by the hypothesis, whence fd R (N + ) n, as desired.
(1) (3) Let R be left coherent and (3) = n < ∞. For any Gorenstein injective left R-module M , we have M + is a right R-module. Then there exists a Gorenstein flat right R-module F such that F → M + → 0 is exact by [12] since R is left coherent. This gives rise to the exactness of 0 → M ++ → F + . It follows from [14, Proposition 3.52] that 0 → M → M ++ is exact, and so 0 → M → F + is exact. Thus M is a direct summand of F + and hence fd R (M ) fd R (F + ) n. Therefore (1) (3) holds by Theorem 3.4(1).
For n-FC rings, we get the next result, which gives a generalization of [6, Theorem 3.8].
Proposition 3.9. The following are identical for an n-FC ring R.
(
Proof. (1) = (2) = (3) follows from Theorem 3.8.
(1) (4) Let M be a Gorenstein injective left R-module. Then M + is Gorenstein flat by [8, Proposition 12] since R is n-FC. It is easy to see that (
Proof. Since n-Gorenstein rings are Noetherian, this result follows immediately by Theorem 3.8 and Proposition 3.9.
It has been shown that a commutative ring R is an IF ring if and only if Hom R (A, B) is injective for all injective R-modules A and B ( [6, Corollary 3.22] ). Now we have the following results.
Theorem 3.11. Let R be a commutative ring and n a nonnegative integer. Then the following are equivalent:
(1) GIF D(R) n.
(2) id R Hom R (A, B) n for all Gorenstein injective R-modules A, all injective R-modules B.
Moreover, if R is commutative Artinian, then the above conditions are equivalent to (3) fd R (A ⊗ R F ) n for all Gorenstein injective R-modules A and all flat R-modules F .
Proof. (1) ⇒ (2) Let A be a Gorenstein injective R-module and B an injective R-module. Then fd R (A) n by (1), and hence we have a flat resolution of A
which gives rise to the exactness of the sequence
Since F i (0 i n) is flat and B is injective, Hom R (F i , B) is injective by [19, Theorem 3.44] . Consequently, id R Hom R (A, B) n, and so (2) holds.
(2) ⇒ (1) Let A be a Gorenstein injective R-module, and let 
The first term is zero since fd R (G) 1, and the last term is zero since M is GI-flat. Consequently, Tor Proof. Let M be a GI-flat right R-module. Then there is an exact sequence 0 → K → P → M → 0 with P projective. Thus K is GI-flat by Proposition 3.12 since r.GIF D(R) 1, and so M is strongly GI-flat by induction.
It is well known that a left coherent ring R is left semihereditary if and only if wD(R) 1. Next we give a characterization of such rings.
Proposition 3.14. The following are equivalent for a left coherent ring R.
(1) R is left semihereditary. 
The first term is zero by (1) , and the last term is zero since M is GI-flat. So Tor R 1 (M, N ) = 0 for all left R-modules N , and hence M is flat. (2) ⇒ (1) Suppose the condition (2) holds. Let M be a right R-module and 0 → K → F → M → 0 be exact with F flat. By Proposition 3.12, K is GI-flat, and so it is flat by (2) . Therefore fd R (M ) 1, which implies that wD(R) 1, and so R is left semihereditary.
Recall that a left R-module C is said to be cotorsion [21] provided that Ext 1 R (F, C) = 0 for all flat left R-modules F ; a submodule T of a left Rmodule N is called a pure submodule [11] if 0 → A ⊗ R T → A ⊗ R N is exact for every right R-module A; an exact sequence 0 → T → N → N/T → 0 is called pure exact if T is a pure submodule of N . An R-module M is said to be pure injective [11] if for every pure exact sequence 0 → T → N of R-modules, For the case n = 0 in Theorem 3.11, we obtain the following characterizations of von Neumann regular rings.
Corollary 3.17. The following are equivalent for a commutative ring R.
(1) R is von Neumann regular.
(2) For every Gorenstein injective R-module A, Hom R (A, B) is injective for all injective R-modules B. Proof. Let R be an IF ring and M a Gorenstein injective left R-module. There is an exact sequence of injective left R-modules
. Then E is also an exact sequence of flat left Rmodules since R is IF. Next it suffices to show that I ⊗ R E is exact for any injective right R-module I. The result follows immediately since I is flat. So every Gorenstein injective left R-module is Gorenstein flat. The case of right R-modules can be proved similarly.
Conversely, let E be any injective left R-module. Then E is Gorenstein flat since every injective module is Gorenstein injective. There exists an exact sequence 0 → E → F → L → 0 with F flat. Since E is injective, the sequence 0 → E → F → L → 0 splits. So E is flat as a direct summand of F . Thus R is left IF. Similarly, R is right IF. Consequently R is IF.
